INTRODUCTION
w x 1. 1 . This is a continuation of 13 in an effort to use algebraic group actions to study the representations of restricted Lie algebras of Cartan type. In this paper we study the representation theory of certain finite-diw x mensional Hopf algebras that arise from the construction in 13 . The representation theory of these Hopf algebras closely resembles the representation theory of Frobenius kernels of reductive algebraic groups in positive characteristics.
Let G be a connected reductive algebraic group scheme over an algebraically closed field k of characteristic p ) 0. It is well known that if there is a chain of normal subgroup schemes G eG e иии eG. In earlier 1 2 terminology this is equivalent to the existence of a chain of finite-dimen-Ž . Ž . sional cocommutative Hopf algebras Dist G ; Dist G ; иии ; Ž . tion algebra Dist G of G. Let ᒄ be the Lie algebra of G and u ᒄ be its restricted universal enveloping algebra. There exists an isomorphism of Ž .
Ž . algebras Dist G ( u ᒄ and thus a categorical equivalence between 1 modules for G and restricted ᒄ-modules. Moreover, each irreducible 1 G -module is the restriction of an irreducible G-module to G . Many of 1 1 the known results involving the representation and cohomology theory of classical Lie algebras appeal to using this local᎐global correspondence Ž w x. see 10 .
The representations of G are largely determined by the representations Ž . of these finite-dimensional subalgebras Dist G of the distribution algebra r Ž .
Ž . Dist G of G. The representation theory of Dist G was first studied by r w x Humphreys 8 . His approach lead to a new way of viewing the representations of the algebraic groups. These methods were further developed by Jantzen. The recent proof of the Lusztig conjecture by Andersen, Jantzen, Ž . and Soergel for sufficiently large primes relies on using this reduction to the first Frobenius kernel in order to apply knowledge about the representation theory of quantum groups. 1 . 2 . Whereas the other class of restricted simple Lie algebras, namely, the Lie algebras of Cartan type, do not arise as the Lie algebra of an algebraic group, one might not expect to use techniques involving algebraic w x groups to study these algebras. Recently, in 13 the authors constructed an infinite-dimensional cocommutative Hopf algebra that can be viewed as an analog of the distribution algebra of a reductive algebraic group. This Ž . Ž . algebra D G u ᒄ was constructed by fusing the restricted enveloping Ž . algebra u ᒄ of a Cartan type Lie algebra ᒄ together with the distribution Ž . algebra of its automorphism group G such that u ᒄ embeds as a normal Ž . Ž . Hopf subalgebra of D G u ᒄ . As in the case for classical Lie algebras, Ž . the simple u ᒄ -modules were shown to naturally lift to a rational Ž . Ž . D G u ᒄ -structure. Moreover, by viewing these Lie algebras in this setw x ting we were able to prove a version of Cline, Parshall, and Scott's 2 relative injectivity theorem for Lie algebras of Cartan type and provide some descriptions of support varieties for modules over these algebras.
One of the underlying goals of our work has been to unify the study of reductive groups and their classical Lie algebras with the more general study of restricted simple Lie algebras. In this process we have found it w x useful to adhere to the conventions and notation of Jantzen given in 10 . It should be mentioned that in this setup one can also view the representa-Ž . Ž . tion theory of D T u ᒄ , for T a maximal toral subgroup of G, in the general framework of Cline, Parshall, and Scott's highest weight categories w x involving quasihereditary algebras 3 . It is our hope that this approach will interest readers in viewing these algebras, like classical Lie algebras, as arising naturally within the context of a global representation theory. 1 . 3 . The paper is organized as follows. In the following section we Ž . Ž . w x ordering on X T . Since the derived group G s G , G is a simple 0 0 0 w x algebraic group, we take T Ј s T l G , G , which is a maximal torus of 0 0 G Ž 1. defined and split over the prime field. Let R be the associated root 0 Ž . Ž system with -being the standard ordering of weights on X TЈ i.e., R .
-if and only if y is a sum of positive roots . Let T Љ be the R center of G . Then T Љ is a one-dimensional torus consisting of all 0 Ž nonsingular scalar matrices contained in T. T Ј = T Љ ª T is onto k is . algebraically closed with kernel T Ј l T Љ, which is a finite group. There- .
Therefore, we have the induction functor Ind
C C , which is right adjoint to the functor *. Since the admissible
categories have enough injective objects, we will also consider the right derived functors R i Ind
. For more details about induction and DŽ H .uŽ ᒉ . w x admissible categories for Hopf algebras, the reader is referred to 11, 12 . Let obtains an infinite-dimensional Hopf algebra D G u ᒄ , which is like the distribution algebra of an algebraic group. We will first define higher 
The exactness of Ind follows from the fact that u ᒋ s D U , We proceed with the following remarks:
Ž . The D G -module structure on the Hom set is given via the isomorphism
w q x trivially. Then by the tensor identity 16 we have Ind
Since G is a reductive group, let W be the Weyl group corresponding to 
is the symmetric algebra of the dual G -module ᒄ > of ᒄ . Ž . 6 . Let S be the set of simple roots for R and X T s g X T : 
is simple and we can set
It can also be shown that all simple 
We will now show that the simple D G u ᒄ -modules can be Ž . expressed as twisted tensor products of the simple u ᒄ -and G -modules. 
Ž . Ž . then there exists the following isomorphism of D G u
Observe that
The simple modules for D G
correspond to simple modules for ŽŽ . Ž1 x We remark that one can also apply 11, 4.8 and the Steinberg tensor Ž . product for reductive groups and their Frobenius kernels to obtain Propositions 2.5 and 2.7. However, the argument we used here is more direct and will be used in the sequel.
Ž .
2. 8 . In order to show that the injective u ᒄ -modules have additional algebraic group structures the following result will be needed.
and both modules are isomorphic to Ind 
Following the proof of 13, Proposition
quotient of the tensor product of the two left modules. Consider the pairing ² : > :
and m g M by using the uŽ ᑿ .
Ž . cocommutativity of the Hopf algebra D G and the fact that the antipode
In order to prove the second assertion, we first observe that the multiplication map
( Hom y u ᒄ , Hom
can now be verified by using the definition of induction.
In this section we will study the structure of the injective 
minant character is given byиии q s m , where induces Ž . An element Ý n of X TЈ = X TЉ is in X T if and only if
The set of positive roots is given by
acts on kx [ иии [ kx naturally and acts on kx via the character ␦ :
. The restriction of ␦ on T Љ is 2 , where is obvious 
by using the transitivity of the induction functors. Ž .
Ž .
u ᒄ -direct summand of M M, so without a loss of generality we may assume
Ž . rect summand of M M with a simple u ᒄ -socle and therefore must be y y q y ,
, and g ‫ގ‬ R . One can now express s Ý q n ␥ and s Ý y m with
Therefore, Ž .
Fn 2 py1 qn yw yn
Observe that as 
ᒄ for types W , S, and H , n y w q p F Ž .
Ž . 
Ž . 3. 5 . In order to prove a tensor product theorem for injective modules the following general lemma for Hopf algebras will be needed. 
LEMMA. Let K be a normal Hopf subalgebra of a Hopf algebra H with a gi¨en admissible category C C and let P s HrHK be the quotient Hopf
Ž .
K K Ž Here we have used the fact that the natural isomorphism since X is finite
all finite-dimensional modules in C C . The category C C f is defined similarly.
H K

Ž .
We now show that the functor Hom ?, M from C C to C C is exact when
vector spaces C C K with the two vertical functors faithfully exact and the bottom functor exact. Ž Therefore, the top functor is also exact. Now the exactness of Hom ?, 0, 1, . . . , r y 1, then there exist the following isomorphisms as D G 
Proof. We will prove the first statement. The proof of the second statement follows from a similar argument by simply omitting the r s. Set Ž . 
Ž . Ž . and there exists an isomorphism of D G u ᒄ -modules:
r Ž . Ž . 1 1 D Ž G . u Ž ᒄ . r q Soc Ind Q Q m Q ( L L m Q . Ž . Ž . Ž . Ž . DŽU .uŽᒄ. DŽŽG . .uŽᒄ. 1 0 ry1 0 r y 1 r 0 r 3.6.2 Ž . Ž q . Ž . Note that simple D U u ᒄ -modules are the restriction of simple r Ž . Ž . Ž q . Ž . Ž q . Ž . Ž . Ž . D G u ᒄ -modules to D U u ᒄ . The D U u ᒄ -socle of a D G u ᒄ -r 0 r Ž . 1 ( L L m Soc Q Ž . Ž . 0 DŽG .uŽᒄ. ry1 r Ž . 1 Ž1. ( L L m Soc Q Ž . Ž . 0 DŽŽG . . ry1 r ( L L .
Ž .
The With the argument given in Theorem 3.6 and the lifting condition on injectives we can present a tensor product theorem for injective follows by a similar line of reasoning as in the proof of Theorem 3.6. 
Ž . Ž .
REPRESENTATION THEORY FOR
D G U ᒄ R Ž . Ž . AND D G T U ᒄ R Ž . Ž . Ž . Ž .
Let A s D G u ᒄ and A s D G T u ᒄ be the algebras con-
where the right-hand side indicates the number of times the simplê 
Ž .ˆÂ
A DŽŽ B . T . A A H H r
Ž . This refinement gives a filtration for Q Q . 
r r by using the previous remarks and applying the Frobenius reciprocity. w x We should remark that Chiu 1, Theorem 5.1 has proved a result similar Ž . Ž . to parts a and b of the above proposition. Moreover, an equivalent w x version to Chiu's result can also be found in 6, Theorem 4. 4 . 
x e : g X T forms a ‫-ޚ‬basis for the character ring ‫ޚ‬ X T . For 
Therefore, by Proposition 4.1 we can conclude that
On the other hand, Z Z s Coind Z admits a filtration witĥ
␣ appearing as subquotients and
and the statement of the theorem now follows.
Ž .
Let us fix a total order in the set X T compatible with the partial order 
In the following proposition we show how the modules Z Z can be r decomposed.
Grothendieck group G G r r A , we ha¨e 
Ž . Ž .
r H H H H A
It follows from part a and the preceding statement that Coind
Now observe that if we make Z into an A A -module by letting 0, r 0 A q act trivially, then the following isomorphism of A-modules holds: Ž . for all , g X T . By using these results and Propositions 2.6 and 2.7,
Ž .x Ž known up to computing the decomposition numbers Z : L resp. 0, r r 
It follows that for r s 1, Ž . D T is semisimple which implies that J is the identity matrix. Hence, 
Ž . Proof. The equivalence of a , b , and c is well known for reductive Ž . Ž . groups. First we will show that e m f . From Proposition 4.1,
Ž . Next we prove that b m f . Without a loss of generality we maŷ
Ž . ules, and since ch u ᒋ is known the computations of ch L L and 1Ž . Ž . ch L are equivalent. On the other hand, if g ⌳, then L corre- 1 1 sponds to taking an exterior power of the natural representation for 
the isomorphisms given in 10, I 6.9 for i G 0 and ,
[ A r r Ž . gX T Hence, the result holds.
The next result shows that the second socle or radical layers of the induced and coinduced modules encode all the information about thê extensions of simple A-modules.
Proof. We first note that the functor Coind is exact. By thê 
Ž . Ž . Ž .
A r r r By using the long exact sequence in cohomology and the preceding result, we have the following exact sequence of In order to prove the second assertion, once again observe that thê 
is also onto. Therefore, the inverse of
gives a splitting of the above short exact sequence. Consequently,
The result for part b now follows from applyinĝ A r r the long exact sequence in cohomology tôŷŷŷ 
Ž . Ž .
